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Chiral fluid workshop in Santa Fe, NM, (2018):



“On the right temple a mauve halfmoon. Suttree turned and 

lay staring at the ceiling, touching a like mark on his own 

left temple gently with his fingertips. The ordinary of the 

second son. Mirror image. Gauche carbon.”

“Gray vines coiled leftward in the northern hemisphere, what 

winds them shapes the dogwhelk’s shell.”

“A dextrocardiac, said the smiling doctor. Your heart’s in the right place.” 

Bryan Giemza:  “Mirror Image, Asymmetry, Chirality and Suttree”, 
Special Issue of the European Journal of American Studies: 
Cormac McCarthy Between Worlds

“For now, suffice it to say that we may be in something of a 
golden age of chirality, from Breaking Bad to Nobel Prize-

winning areas of scientific enquiry.” 



林林良 (Lin Liang) 1424-1500
Imperial painter during Ming Dynasty

“Two Chiral Eagles”



Levomethamphetamin

Nobel Prize in Chemistry 2016: Bernard L. Feringa

…“chiral electromagnetic radiation to generate enantioselectivity”…

"for the design and synthesis of (chiral) molecular machines." [Nobel committee]

[from Wikipedia]

Dextromethamphetamin
“crystal meth”

“Zilch”

Breaking Bad to Nobel Prize
CC license, Wikipedia



Homochirality of life

Amino acid, all L-isomers

Nucleic acid, 
all R-isomers

CC license, Wikipedia



Physics:
Golden age 

of chirality starts 
somewhere here

GUTs, 
Standard Model:

Chiral gauge theories

This talk: chiral states (not theories), 
anomalies and applications 

Physics can do better than that:

(Type IIB, 
Heterotic strings…)



Anomalies 
Anomaly:  Symmetry is not compatible with quantum 

theory!

d

dt
⇢5 =

1

2⇡2
~E · ~B

Weyl fermions H = ±~�~p

Anomalies

Weyl fermions (massless Dirac): 

H = ±⌅�⌅p

Spin is either aligned or 
anti-aligned with momentum

-- Do you ever run across a fellow that even you can't understand?"  

"Yes," says he.  

"This well make a great reading for the boys down at the office," says I. "Do 
you mind releasing to me who he is?"  

"Weyl," says he.                 ( ROUNDY INTERVIEWS PROFESSOR DIRAC )          

γ

γ

π0

[Adler], [Bell, Jackiw] 1969

⇢5 =  †�5 



Gravitational contribution to Chiral Anomaly:

Aµ

g⌫�

g⇢�

1

Anomalies

• QM: cannot conserve energy-momentum tensor and axial current as operators
• Has a priori nothing to do with gravity: property of QFT in flat space!
• Metric = classical sources for energy-momentum tensor
• If dynamical metric: decay of neutral pion into gravitons

[Kimura] 1969, [Delbourgo, Salam] 1972, [Freund, Eguchi] 1976

DµJ
µ
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Magnetic Field

[Miransky, Shokovy,  
Phys.Rept. 576 (2015) 1-209]

!0 = kz , ! = ±
p

2neB + k2z , n = 1, 2, ...



Chiral magnetic effect

Landau Levels and Transport

En =
p

p2z + nB

Landau levels of chiral fermion in magnetic field

HLLs:

LLL: E0 = ±pz

Current = charge.velocity

HLLs:

LLL:

Taking degeneracy of LLL into account : 
Chiral Magnetic Effect (CME)

~JL,R = ± µ
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Chiral Fermions in magnetic field:
Landau - levels
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Many fermion species
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Anomaly coefficient !
[Vilenkin, 80’s], [Alekseev, Cheianov, Froehlich]

 [Shaposhnikov, Giovannini][Fukushima, Kharzeev, Warringa]

μ



Anomaly causes dissipationless currents

[Vilenkin],[Froehlich, Chaianov],  [Fukushima,Kharzeev, Warringa] ,
[Erdmenger et al.][Batthacharya et al.], 

[K.L., Megias,  Melgar, Pena-Benitez], [K.L., Megias, Pena-Benitez], [Son, Surowka], 
[ Stephanov, Yee], [Copetti, Fernandez-Pendas, K.L., E. Megias]

Nonrenormalization: [Golkar, Son], [Hou, Liu, Ren]

• Dissipationless Currents!
• No Entropy generation!
• No quantum corrections!

Transport & Anomalies

• Chiral Magnetic Effect

• Chiral Vortical Effect

~JR,L = ± µ

4⇡2
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~JR,L = ±
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Anomalous effective action
��� = A�

Non-local local

But anomaly can be written as local in 5 dimensions:

��

Z

M
A ^ F ^ F =

Z

@M
�F ^ F

Z

M
d�R ^R =

Z

@M
� (R(4) ^R(4) +D(K ^DK))

[Haehl, Loganayagam,Rangamani], [Jensen,Loganaygam,Yarom], 

[di Pietro, Komargodski], [Banerjee, Batthacharya, Battacharyya, Jain, Minwalla, Sharma], 
[Mañes, Megias, Valle, Vazquez-Mozo]



Thermal equilibrium = constraint on topology

Finite T Euclidean: @M = S1 ⌦ R3

ds2 = dr2 + f(r)2d⌧2 + g(r)2d~x2

Smooth geometry in the interior (r=0):
f(0) = 0

f 0(0) = 2⇡T

� =
1

T

Thermal equilibrium = 5D black hole !
[Gibbons, Hawking]

Anomaly induced currents



Chiral Magnetic Effect,  U(1)3 anomaly

��CS = 3

Z

M
�A ^ F ^ F + 2

Z

@M
�A ^A ^ F

“Covariant” current “Bardeen-Zumino” current

F = Bdx ^ dy + F0rdtdr

Ar = 0

A0 = A0(r) , A0|@ = µ , A0(0) = 0

[Bardeen, Zumino] ‘84

Effective Action

Jcov = 6µB

JBZ = �2µB

@rB = 0

�A = dz

1

24⇡2Normalisation: 
One chiral fermion Jtotal =

µ

6⇡2
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CME proper:  V-A theory

� =

Z

M
A ^ FV ^ FV

CME:
CSE:

JV = 2µAB � 2µAB = 0

JA = 2µV B

Effective Action

�� = 2

Z

M
�V ^ FV ^ FA + 2

Z

@M
�V ^A ^ FV

Bloch theorem:

[Gynther, K.L., Pena-Benitez, Rebhan], [Kharzeev], [Yamamoto], [Franz, Vazifeh]

Exactly conserved currents have  
to vanish in exact equilibrium



Calculate current due to rotation from CS action
in slowly rotating black hole

��CS =

Z
�A ^R ^R =

Z
�AµhJµinon�local

Fixed by 
Topology!

~J = 4f 0(0)2~! = 16⇡2T 2~!

ds2 = dr2 � f(r)2[dt� (~! ⇥ ~x) · d~x]2 + g(r)2d~x2

[Loganayagam, Jensen, Yarom], [de Pietro, Komargodski], [Stone, Kim], 
[Megias, K.L., Pena-Benitez], [Megias, Melgar, K.L., Pena-Benitez]

Anomaly induced currents



Transport & Anomalies
Luttinger:  Theory of thermal transport 1964
“..if the gravitational field did not exist one could invent it for the purpose of this paper…”

Gravity Thermal transport

~r�g ⌘ �~rT

T

21st century: 

Quantum 
Gravity

Quantum 
Thermal transport

19



  



Thermal Hall effect
Wbulk = cg

Z

bulk
(�d�+

2

3
�3)

Anomaly free:

T T +�T

T = 0

J?
E = 16cg⇡

2T�T

Only boundary current:

Wboundary = �cg

Z

BH

(�d�+
2

3
�3)

@(bulk) = @(BH)



Gobal anomaly
[Golkar, Sethi], [Chowdhyry, David], [Glorioso, Liu, Rajagopal] 

Z ! ei2⇡naZ

Compactify on ST × S1 × S2

Magnetic flux

Se↵ =
i

48⇡

Z
d4x ~Ag.dA

• No global anomaly if a is integer: “fractional” part of CVE

• Gravitinos ?
[Loganayagam]



Applications

• Quark Gluon Plasma

• Weyl Semi-Metals 

• Light



RHIC, Brookhaven

LHC, Geneva



Quark gluon plasma

J

+

-

strongest Magnetic field in the Universe

+
+

+

+
++

+
+

+

+
+ +

1015T!!!
(QHE: 10 T)

⇥J =
µ5

2�2
⇥B

Chiral Magnetic Effect

(T ~ 1012 K)

[Fukushima, Kharzeev, McLarren]  
[Fukushima, Kharzeev, Warringa]  



AdS/CFT = 5D geometry

⌘

s
=

1

4⇡

=

=

[Policastro, Son, Starinets]



Far from equilibrium CME
[K.L., E. Lopez, G. Milans del Bosch]  
[K.L. , J. Fernandez-Pendas]
[Ongoing work with S. Tejero-Morales and J. Ghosh]

[Lin,  Yee],  [Ammon, Grieninger, Jimenez-Alba, Malcedo], [Cartwright, Kaminski], [Cartwritht]

ds2 = �f(r, v)dv2 + 2drdv + r2d~x2

AdS + infalling null dust = AdS Vaidya metric

f(r, v) = r2
✓
1� 2m(v)

r4
+

q5(v)2

12r6

◆
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the value of the one-point function will be according to
hydrodynamics. It gives

hJ
z

5 i = ⇢5vz+8↵µ5B5 = 8↵µ5B5+
4↵B5⇢5

✏+ p

⇥
(µin

5 )2 � µ
2
5

⇤
.

(39)
At this point, we use again the constitutive relations and
the holographic dictionary with the background metric
and gauge field to obtain the transport coe�cients

✏ = hT
00
i = 6m, (40)

p = hT
ii
i = 2m, (41)

⇢5 = hJ
0
i = q5 , (42)

and substitute to obtain the equilibrium value of the axial
current considering flow with momentum conservation

hJ
z

5 i = 8↵µ5B5 +
↵B5q5

2m

⇥
(µin

5 )2 � µ
2
5

⇤
. (43)

We use these hydrodynamic expressions for the currents
as benchmarks for near-equilibrium evolution in the fol-
lowing (see Figs. 2, 4 and 6) in which µ5 is defined as in
(20).

VI. RESULTS

In all the cases studied, we performed a quench in the
mass of the form

m = m0 +
mf �m0

2

⇣
1 + tanh

⇣
v

⌧

⌘⌘
. (44)

We chose the masses in order to fix initial and final hori-
zon positions to u

initial
H

= 1.0 and u
final
H

= 0.8, respec-
tively, so the exact values depend on q5 and k for each
run. All dimensionful quantities quoted from now on
should be understood as expressed in units set by the
value of the initial horizon u

initial
H

.
The condition that the charge had to remain constant

only appeared for the case with axial magnetic field, but
we fixed its value to q5 = 1.0 for all the cases. The benefit
of this is that all the runs have the same initial and final
chemical potential and, therefore, they can be compared.
However, the initial and final temperatures will not be
the same for the di↵erent cases in which we compare runs
with di↵erent values of k. The specific value of the charge
has no special meaning and only a↵ects the results by a
normalization. Nevertheless, we used this value in order
for the flow to have a su�ciently large value that can be
clearly seen in the results.

A. Momentum conservation

The first analysis we decided to make was reminiscent
of some of the results in Ref.[21]. We wanted to see the
impact that the time span of the quench ⌧ had on the

2.6

2.8

3

3.2

3.4

3.6

3.8

4

0 5 10 15 20 25

hJi

v/⌧

anom eq
⌧ = 0.2
⌧ = 0.5
⌧ = 1.0
⌧ = 2.0

FIG. 1. Out-of-equilibrium electromagnetic current for di↵er-
ent values of the time span of the quench with no momentum
relaxation. The black dashed line is the near-equilibrium ap-
proximation we use as a reference to signal out-of-equilibrium
behavior.

equilibration process on both cases without momentum
relaxation, by looking at the results for several di↵erent
values of this parameter.
In Fig. 1, we show the results for the case with vector

magnetic field. It can be seen that there are two di↵er-
ent regimes. The first one is characterized by overshoot-
ing before the equilibration finishes. We call them fast
quenches. If the quench is fast enough it also shows what
we call delay. By delay we mean that the response in the
current builds up essentially after the time-dependent
perturbation (quench) (44) has already finished. We
will quantify this delay more precisely below. The other
regime, slow quenches, shows smooth monotonic behav-
ior and have no delay. In the limit of very large ⌧ it ap-
proaches the near-equilibrium approximation based on
(20). The transition between both regimes appears at
around ⌧ ⇡ 1. We note that this is significantly sim-
pler than the behavior observed in Ref.[21] in the case of
the gravitational anomaly-induced CME, in which three
di↵erent regimes of fast, intermediate and slow quenches
could be distinguished.2

In Fig. 2, we show the results for the case with axial
magnetic field. Both regimes can be again observed in
this case and we can see that the equilibration times are
essentially the same ones. However, the rest of the be-
havior is di↵erent due to the appearance of nonvanishing
flow, as discussed above. The final equilibrium value is

2
Three regimes of fast, intermediate and slow quenches have also

been found in studies of thermalization of two-point functions in

[22] and [23]. It would certainly be interesting to investigate in

more detail the origin of the di↵erences to these previous studies.

This goes however beyond the purpose of the present work and

we leave this question for future research.

 

Out-of-equilibrium chiral magnetic effect and momentum relaxation
in holography

Jorge Fernández-Pendás * and Karl Landsteiner†

Instituto de Física Teórica UAM/CSIC, c/Nicolás Cabrera 13-15,
Universidad Autónoma de Madrid, Cantoblanco, 28049 Madrid, Spain

(Received 26 July 2019; published 30 December 2019)

We compute anomalous transport phenomena sourced by vector and axial magnetic fields in out-of-
equilibrium setups produced by Vaidya background metrics in holography. We use generalized Vaidya
metrics that include momentum relaxation induced by massless scalar fields. While the background metric
and gauge field show formally instantaneous thermalization, the chiral magnetic effect has significantly
large equilibration times. We study how the equilibration of the chiral magnetic effect depends on the
length of the Vaidya quench and the momentum relaxation parameter. These results shed some light on
aspects of the chiral magnetic effect in out-of-equilibrium situations such as the quark gluon plasma
produced in heavy ion collisions.

DOI: 10.1103/PhysRevD.100.126024

I. INTRODUCTION

Anomaly-induced transport phenomena have been the
subject of much interest (see Refs. [1,2] for reviews). The
most common phenomenon is the so-called chiral magnetic
effect (CME) [3]. It gives rise to the spontaneous generation
of a current in the presence of a chiral imbalance and a
background magnetic field. It is a direct consequence of the
axial anomaly. An important aspect of the CME is that in a
subtle way it is always related to some nonequilibrium
physics. On the theoretical level, the CME in a gauge
current, such as the electric current, has to vanish in strict
equilibrium. This is known as the Bloch theorem, and a
discussion in relation to the CME has been given in
Ref. [4]. Indeed, a careful examination of the CME shows
that it indeed vanishes in equilibrium due to a topological
contribution from a counterterm that arises in the definition
of the electric current [5]. Currents related to anomalous
global symmetries, in contrast, can have nonvanishing
expectation values.
The nonequilibrium aspect is not only important in

theory. It is also essential in experimental situations in
which the CME arises, like condensed matter systems
known asWeyl semimetals [6] or the quark gluon plasma in
heavy ion collisions. In Weyl semimetals nonequilibrium

arises due to the application of an electric field parallel to
the magnetic field. The CME induces then the celebrated
negative magnetoresistivity [7]. In heavy ion collisions, the
chiral imbalance is induced in the early far-from-equilib-
rium stages by the gluonic contribution to the axial
anomaly [8].
So far, most of the theoretical investigations of anomaly-

induced transport have concentrated on equilibrium or
near-equilibrium situations which can be described by
hydrodynamics [9]. The considerations above make it
clear, however, that a much better understanding of
anomaly-induced transport out of equilibrium is needed.
Holography not only is by now a standard tool to

investigate transport in strongly coupled systems, such
as the quark gluon plasma, but it also has been proven to
give invaluable insight into the workings of anomaly-
induced transport [10–12]. It also allows one to study
the out-of-equilibrium evolution of strongly coupled quan-
tum systems by means of numerical relativity in anti-de
Sitter (AdS) spaces [13].
One of the simplest but very interesting time-dependent

gravity solutions is Vaidya metrics. Vaidya metrics are
generated by in-falling incoherent null dust. They have very
simple energy-momentum and charge distributions, which
allow analytic solutions of Einstein equations even in the
presence of a cosmological constant. This will be our
starting point. We use asymptotically anti-de Sitter charged
Vaidya metrics to simulate out-of-equilibrium evolution.
We add a small magnetic field and calculate the response in
the vector, axial, and energy currents due to the axial
anomaly in linear response.
The response in the energy current is bound to be trivial

since it is also the conserved momentum density. Since no

*j.fernandez.pendas@csic.es
†karl.landsteiner@csic.es

Published by the American Physical Society under the terms of
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PHYSICAL REVIEW D 100, 126024 (2019)
Editors' Suggestion

2470-0010=2019=100(12)=126024(13) 126024-1 Published by the American Physical Society

CME @ RHIC
vs

CME @ LHC

???

Final verdict: isobar run results? When?



Weyl Semi-Metal

TaAs
[Huang, Xu, Belopolski,Hasan] Nature Comm.

Wikipedia

Hiroyuki Inoue, András Gyenis, Zhijun Wang, Jian Li, Seong Woo Oh, Shan Jiang,
Ni Ni, B. Andrei Bernevig,and Ali Yazdani, was published in the March 11, 2016 issue of the journal Science

Qiang Li (Brookhaven Natl. Lab.), Dmitri E. Kharzeev (Brookhaven Natl. Lab. & 
SUNY, Stony Brook), Cheng Zhang, Yuan Huang (Brookhaven Natl. Lab.), I. 
Pletikosic (Brookhaven Natl. Lab. & Princeton U.), A.V. Fedorov (LBNL, ALS), 
R.D. Zhong, J.A. Schneeloch, G.D. Gu, T. Valla 

Zr5Te

FIG. 2: Magnetoresistance in field parallel to current ( ~B k a) in ZrTe5. (a) MR at various

temperatures. For clarity, the resistivity curves were shifted by 1.5 m⌦cm (150 K), 0.9 m⌦cm

(100 K), 0.2 m⌦cm (70 K) and �0.2 m⌦cm (5 K). (b) MR at 20K (red symbols) fitted with the

CME curve (blue line); inset: temperature dependence of the fitting parameter a(T ) in units of

S/(cm T2).

observed resistivity can be fitted with a simple quadratic term (Supplementary materials,

Fig. S1). This term is treated as a background and subtracted from the parallel field

component for all MR curves recorded at T  100 K.

A negative MR is observed for T  100 K, increasing in magnitude as temperature

decreases. We found that the magnetic field dependence of the negative MR can be nicely

fitted with the CME contribution to the electrical conductivity, given by �CME = �0 +

a(T )B2, where �0 represents the zero field conductivity. The fitting is illustrated in Fig.

2(b) for T = 20 K, with an excellent agreement between the data and the CME fitting

curve. At 4 Tesla, the CME conductivity is about the same as the zero-field conductivity.

At 9T, the CME contribution increases by ⇠ 400%, resulting in a negative MR that is

much stronger than any conventional one reported at an equivalent magnetic field in a

non-magnetic material.

At very low field, the data show a small cusp-like feature. The origin of this feature is not

completely understood, but it probably indicates some form of anti-localization coming from

the perpendicular ( ~B k b) component. Inset in Fig. 2(b) shows the temperature dependence

of the fitting parameter a(T ), which decreases with temperature faster than 1/T , again

consistent with the CME.
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http://inspirehep.net/author/profile/Li%2C%20Qiang?recid=1335283&ln=en
http://inspirehep.net/search?cc=Institutions&p=institution:%22Brookhaven%20Natl.%20Lab.%22&ln=en
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http://inspirehep.net/author/profile/Valla%2C%20T.?recid=1335283&ln=en


Weyl semi-metal
Linear band touching in Brillouin zone

ψL ψR

TaAs

Chiral fermions have to in pairs R and L ! [Nielsen, Ninomiya],



CME in WSMs

⇤

RL

Normal ordered 
vacuum

µL

µR

µ5 =
1

2
(µL � µR)

2 �A5

2A5
0

µ =
1

2
(µR + µL)

CME: ⇥J =
1

2�2

�
µ5 �A5

0

�
⇥B = 0

Covariant and Bardeen-Zumino!

[K.L.],[Gorbar, Miransky, Shovkovy, Sukhachov]



NMR and NTMR in WSM

[J. Zaanen, “Electrons go with the flow in exotic materials”, Science Vol. 351, 6277]

In our holographic calculations, we have not included dissipation e↵ects. It would be

very interesting to test the dissipation e↵ects holographically. Recently there has been a lot of

work in including momentum dissipation in holography. These include the lattice construction

which breaks the translational symmetry explicitly (e.g. [46, 47, 48, 49, 50]) and massive

gravity which breaks the di↵eomorphism symmetry in the bulk (e.g. [51, 52, 53]). Besides

momentum dissipations, we also need to include energy and charge dissipations.

In [30], a bulk massive gauge theory was studied in the chiral anomalous fluid (see also

[54]). The massive gauge theory breaks the U(1) gauge symmetry in the bulk and leads

to charge dissipation for the boundary theory. In a follow up paper, we plan to study the

fluid/gravity analysis of this theory (similar to [8, 9]) to get the charge relaxation time from

the hydrodynamic modes [55].

The holographic energy dissipation e↵ects have not been considered so far. As we argued

in the paper, the holographic zero density system is automatically a system with energy not

conserved for the charge carriers. To encode energy dissipations at finite density, we can as

well mimic the way that momentum dissipations are introduced, such as the Q lattice [49]

or massive gravity constructions [51]. It is possible to combine all the momentum, energy

and charge dissipations holographically to test the formula in this work and we would like to

consider this in future work.

Figure 5: Schematic depiction of an inter valley scattering event. Such an event will lead to axial

charge relaxation. But if the two Weyl cones are at di↵erent chemical potentials (as they are in

parallel external electric and magnetic fields) inter valley scattering will also lead to energy relaxation

since �✏ ⇡ µ5�⇢5.

Finally we would like to point out that in the context of Weyl metals inter-valley scattering

does indeed lead to energy relaxation. A schematic picture of an intervalley scattering event

33

If WSM is not strongly coupled, 
hierarchy of scattering times

⌧inner < ⌧inter < ⌧ee

Kills Kills Is irrelevant ~P ⇢5, ✏5



NMR and NTMR in WSM
NMR = Negative Magneto Resistivity
NTMR = Negative ThermoMagneto Resistivity

In equilibrium CME vanishes, 
Induce non-equilibrium steady state

⇢̇5 =
1

2⇡2
~E · ~B � 1

⌧ 5
⇢5

J =

✓
� +

⌧5B2

4⇡4�5

◆
E

[Spivak, Son], [Nielsen, Ninomiya], [Kharzeev]

FIG. 2: Magnetoresistance in field parallel to current ( ~B k a) in ZrTe5. (a) MR at various

temperatures. For clarity, the resistivity curves were shifted by 1.5 m⌦cm (150 K), 0.9 m⌦cm

(100 K), 0.2 m⌦cm (70 K) and �0.2 m⌦cm (5 K). (b) MR at 20K (red symbols) fitted with the

CME curve (blue line); inset: temperature dependence of the fitting parameter a(T ) in units of

S/(cm T2).

observed resistivity can be fitted with a simple quadratic term (Supplementary materials,

Fig. S1). This term is treated as a background and subtracted from the parallel field

component for all MR curves recorded at T  100 K.

A negative MR is observed for T  100 K, increasing in magnitude as temperature

decreases. We found that the magnetic field dependence of the negative MR can be nicely

fitted with the CME contribution to the electrical conductivity, given by �CME = �0 +

a(T )B2, where �0 represents the zero field conductivity. The fitting is illustrated in Fig.

2(b) for T = 20 K, with an excellent agreement between the data and the CME fitting

curve. At 4 Tesla, the CME conductivity is about the same as the zero-field conductivity.

At 9T, the CME contribution increases by ⇠ 400%, resulting in a negative MR that is

much stronger than any conventional one reported at an equivalent magnetic field in a

non-magnetic material.

At very low field, the data show a small cusp-like feature. The origin of this feature is not

completely understood, but it probably indicates some form of anti-localization coming from

the perpendicular ( ~B k b) component. Inset in Fig. 2(b) shows the temperature dependence

of the fitting parameter a(T ), which decreases with temperature faster than 1/T , again

consistent with the CME.
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NTMR via CME
Coupled charge and energy transport of chiral currents

GE = ⌧5
a2�

det(⌅)

✓
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@T
� µ
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◆
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GT = ⌧5
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@T
B2

Large B (ultra-quantum limit):
•GE linear in B
•GT vanishes

⇢ =
|B|
4⇡2

µ

[Spivak, Andreev], [Lundgren, Laurell, Fiete] kinetic theory
[Lucas, Davison, Sachdev] chiral fluids, [K.L.]

~J✏ =
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2
µ2 + agT
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NMR and NTMR in WSMs
Johannes Gooth, Anna Corinna Niemann, Tobias Meng, Adolfo G. Grushin, Karl Landsteiner, Bernd Gotsmann, Fabian Menges, Marcus Schmidt, Chandra Shekhar, Vicky Sueß, Ruben Huehne, Bernd 
Rellinghaus, Claudia Felser, Binghai Yan, Kornelius Nielsch

Experimental signatures of the mixed axial-gravitational anomaly in the Weyl semimetal NbP

arXiv:1703.10682 (Nature)

 Angle dependence
 NMR and NTMR show B2 at small B
 NMR ~ linear for large B field 
 NTMR vanishes for large B field

NbP very difficult material: Doping, T dependence



NMR and NTMR in WSMs
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Figure 3: Thermal conductivity Nzz of Bi89Sb11 along the trigonal (z=<001>) direction. (a) 
Nzz (Hz) in a longitudinal magnetic field, at the temperatures indicated in the legend, shows 
first a decrease, which we attribute to a conventional positive magnetoresistance in the TI 
regime, followed by an increase, which we posit is evidence for the thermal chiral anomaly. 
(b) For Nzz (Hy) in a transverse magnetic field along the bisectrix axis (y= [010]), only a 
decrease is observed. (c) Nzz is separated into its lattice and electronic parts based on the field 
dependence of Nzz (Hy). (d) The magnetic-field dependence of the electronic thermal 
conductivity an shows increase with field of over 300% at 9 T. The data are taken on sample 
1; the measurement uncertainty is described in the methods section.  
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Thermal chiral anomaly in the magnetic-field induced ideal Weyl phase of Bi89Sb11 
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Abstract 

The chiral anomaly is the predicted break down of chiral symmetry in a Weyl semimetal, with 

monopoles of opposite chirality, upon applying an electric field parallel to a magnetic field. It 

occurs because of charge pumping from a positive chirality monopole to a negative chirality 

monopole. The experimental observation of this fundamentally important effect has been plagued 

by concerns of current flow along specific pathways. Here, we demonstrate unambiguously the 

thermal analog of the chiral anomaly in a bismuth-antimony alloy, driven into an ideal Weyl 

semimetal by a Zeeman field, with the chemical potential pinned at the Weyl points, and in which 

the Fermi surface has no trivial pockets. The signature of the chiral anomaly is a large enhancement 

of the thermal conductivity in an applied magnetic field parallel to the thermal gradient. The 

absence of current flow circumvents the extrinsic effects that plague electrical measurements. 

  

Quasiparticles
=

Wiedemann Franz

Chiral anomaly 
= 

Gravitational anomaly 

arXiv:1906.02248 [cond-mat.mtrl-sci]

Get rid of quasiparticles!
Hydro, B5, J5

https://arxiv.org/abs/1906.02248


Chiral Optics
Helicity of Maxwell theory Jµ = ✏µ⌫⇢�

⇣
A⌫F⇢� � C⌫ F̃⇢�

⌘

DµJ
µ
h =
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48⇡2
✏µ⌫⇢�R↵

�µ⌫R
�

↵⇢�

[Dolgov, Kriplovich, Vainstein, Zhakharov], [Agullo, del Rio, Navarro-Salas]

Chirality: local, gauge invariant = Zilch

Z = ~B · (~r⇥ ~B) + ~E · (~r⇥ ~E)

JZ = ~E ⇥ (~r⇥ ~B)� ~B ⇥ (~r⇥ ~E)

[Lipkin] 1966, [Kibble] 1967, [Cohen, Tang] 2010 !



Zilch vortical effect
~JZ =

8⇡2T 4

45
~!

 

Maxwell Theory on a Cylinder
● Rigid rotation is impossible in unbounded space
● Study the theory on a cylinder 
● Insure that tangential velocity < 1

● Boundary conditions:
● Energy and Angular momentum conserved

● No radial momentum on boundary
● No rj stress on boundary 

W

● Perfect conductor: 

● Perfect dual conductor: 

● Limit  R →  natural boundary conditions 

• Universal result at axis of rotation
• Vanishing Poynting vector !

[Chernodub, Cortijo, K.L.]

[Fernandez-Pendas, Copetti]

[Avkhadiev, Sadofyev]

[N. Yamamoto]

TR ! 1



Summary

• Anomalies: rich anomaly induced transport phenomenology

• Axial magnetic fields in WSMs [Cortijo, Ferrreiros, K.L., Vozmediano]

• Chiral magnetic waves [Kharzeev, Yee] [Song, Dai] [Chernodub, Vozmediano]

• Conformal anomaly [Chernodub], [Chernodub, Cortijo, Vozmediano]

• Helicity vs. Chirality [Ambrus], [Ambrus, Chernodub]

• Torsional anomaly (?) [Hughes, Leigh, Parrikar], [Nissinen, Volovik], [Ferreiros et al.], 
[Huang, Han, Stone]

• Quantum computing with the CME? [Kharzeev, Li]

Wellcome to the anomalous golden age of chirality !


